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We study the critical behavior of the 2D N -color Ashkin-Teller model in the presence of random bond disorder
whose correlations decays with the distance r as a power-law r−a . We consider the case when the spins of
different colors sitting at the same site are coupled by the same bond and map this problem onto the 2D system
of N/2 ﬂavors of interacting Dirac fermions in the presence of correlated disorder. Using renormalization group
we show that for N = 2, a “weakly universal” scaling behavior at the continuous transition becomes universal
with new critical exponents. For N > 2, the ﬁrst-order phase transition is rounded by the correlated disorder
and turns into a continuous one.
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1. Introduction
Two-dimensional (2D) systems are of particular interest in studying phase transitions in condensed
matter. On the one hand, this interest is constantly growing due to the progress in experimental tech-
niques of producing and studying low-dimensional materials like graphene [1], 2D crystals [2], and ultra-
thin ferromagnetic ﬁlms [3]. On the other hand, the scaling behavior of many models is much easier to
analyze in two dimensions than in three dimensions, since the 2D conformal invariance much stronger
restricts possible scenarios, at least in the absence of disorder [4]. Moreover, some of 2D models allow
for an exact solution. The well-known examples include the 2D Ising model [5], the 2D ice-model (6-
vertex model) [6] and the Baxter model (symmetric 8-vertex model) [7]. The latter model is related to the
so-called Ashkin-Teller model [8], which was introduced to describe cooperative phenomena in quater-
nary alloys [9], along a selfdual line. Both models can be described in terms of two Ising models coupled
through their energy densities (i.e., by four-spin interaction):
H =−
∑
〈r,r ′〉
[
J
(
σ1rσ
1
r ′ +σ2rσ2r ′
)
+ J4σ1rσ1r ′σ2rσ2r ′
]
. (1.1)
The main feature of the model (1.1) is a continuous transition with the so-called “weak universality” [10]:
contrary to the usual critical universality, the critical exponents of model (1.1) continuously depend on
the coupling constant J4. In particular, the correlation length exponent is [7]
1
νpure
= 4
pi
arctan
(
e
2J4/Tc
)
, (1.2)
where the critical temperature of the pure system Tc is given by 2J/Tc = ln(1+
p
2). The heat capacity ex-
ponent behaves as αpure ∼ J4, and thus, changes sign with J4. However, expressing the singular behavior
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of thermodynamic quantities near the critical point in terms of the inverse correlation length rather than
of the reduced temperature, one ﬁnds that the critical exponents rescaled in this way are universal [11].
Generalizing the model (1.1) to an arbitrary N , one arrives at the so-called N -color Ashkin-Teller
model [12]:
H =−
∑
〈r,r ′〉
(
J
N∑
a=1
σar σ
a
r ′ + J4
N∑
a<b
σar σ
a
r ′σ
b
r σ
b
r ′
)
, (1.3)
inwhich N Isingmodels are coupled pairwise through interaction J4. It reduces to the usual Ashkin-Teller
(Baxter) model for N = 2. For N > 2, the transition properties of model (1.3) drastically depend on the sign
of J4: the system undergoes a continuous phase transition for J4 < 0, while for J4 > 0, the transition is of
ﬁrst-order [12].
The effects of quenched disorder on phase transitions have been a hot topic of research for several
decades (for review see e.g., [13–15]). For example, it is well-known that the critical exponents of a system
undergoing a continuous phase transitionmay bemodiﬁed by uncorrelated quenched impurities coupled
to the local energy density (the so-called random-bond or random site disorder). In this case, the relevance
of disorder can be predicted using the Harris criterion [16]: if the heat capacity exponent of the corre-
sponding pure system is positive, αpure = 2−dνpure > 0, then the presence of weak uncorrelated disorder
leads to a new critical behavior. Here, νpure is the correlation length exponent of the pure system. Accord-
ing to the Harris criterion, the 2D Ising model corresponds to a marginal situation since the heat capacity
exhibits only a logarithmic divergence in the vicinity of critical point, i.e., αpure = 0 [5]. Explicit calcula-
tions performed for the disordered 2D Ising model in [17–21] reveal that uncorrelated disorder modiﬁes
the logarithmic divergence to a double logarithmic behavior, while other power-law scaling laws acquire
universal logarithmic corrections. The situation is quite different when the quenched disorder is corre-
lated. According to the generalized Harris criterion [22], the Gaussian disorder, whose variance decays as
a power law r−a , modiﬁes the critical behavior of the pure system for a < d provided that it satisﬁes the
inequality νpure < 2/a. For a > d , the usual Harris criterion is recovered and the condition is replaced by
νpure < 2/d (see also [23, 24]). For the 2D Ising model with long-range correlated disorder, this has been
explicitly shown in [25] by mapping to the 2D Dirac fermions.
The effect of uncorrelated disorder on the continuous phase transition with “weak universality” ex-
hibited by the model (1.1) has been considered in [26–30]. Since the heat capacity exponent αpure of the
pure Baxter model is positive for J4 > 0, one can expect that the critical behavior is modiﬁed by uncorre-
lated disorder for J4 > 0. The renormalization group (RG) picture obtained using a mapping to fermions
suggests [26, 27] that for J4 > 0, the “weakly universal” critical behavior of the Baxter model changes to
that of the disordered 2D Ising model, e.g., the heat capacity exhibits a double logarithmic singularity.
The numerical simulations of [28–30] support the relevance of disorder but quantitatively they are less
conclusive. For instance, the numerical simulations of the random bond Ashkin-Teller model seem to
require additional efforts due to large sample to sample ﬂuctuations and are rather in favor of a loga-
rithmic than a double logarithmic behavior of the heat capacity [29, 30]. For J4 < 0, the exponent αpure
is also negative so that the Harris criterion naively suggests that the critical behavior is unaffected by
uncorrelated disorder. The critical behavior deduced from the RG picture is, however, different due to
a new vertex generated by the RG ﬂow. For instance, the correlation length behavior becomes universal
while the heat capacity remains ﬁnite. However, the precise behavior depends on the initial disorder, in
particular, whether the disorder seen by the both coupled Ising models in equation (1.1) is correlated or
not [26, 27].
It seems rather striking that adding a weak short-range correlated (SR) or uncorrelated quenched
disorder to the 2D N -color Ahkin-Teller (1.3) with N > 2 results in emergent critical behavior [31–37].
Indeed, the pure model exhibits a ﬂuctuation-driven ﬁrst-order transition characterized by runaway of
the RG ﬂow which is reversed by even weak uncorrelated disorder. The 2D three-color Ashkin-Teller
model has been studied by means of large-scale Monte Carlo simulations in [38] and [39]. While the ﬁrst
early work excludes the possibility of continuous transition with universal scaling behavior, the second
recent paper demonstrates that the ﬁrst-order phase transition is rounded by the disorder and turns into
a continuous one. The resulting transition seems to be in the disordered 2D Ising universality class. This
agrees with perturbative RG predictions of [31–37].
In the present paper we study the effects of long-range correlated (LR) disorder with power-law decay
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of correlations on the phase transitions in the Baxter and N -color Ashkin-Teler models. The article is
organized as follows. In section 2, we consider the formulation of the problem in terms of Dirac (complex)
fermions following [25, 40, 41] and restrict our consideration to the case of the same disorder for all
fermion ﬂavors [i.e., the disorder potentials seen by different Ising components in the models (1.1) and
(1.3) are completely correlated]. In section 2, we introduce a fermion representation for both models. In
section 3 we brieﬂy describe the renormalization scheme we use for both models while in section 4 we
present the one-loop RG functions and the derived scaling behavior. Finally, we conclude in section 5.
2. Models and their fermion representation
In the vicinity of a critical point, the long-distance properties of the Baxter model (1.1) can be de-
scribed using two Majorana (real) fermionic ﬁelds χ1 and χ2 with the action [27]:
S =
∫
d
2r
{
1
2
χ¯1[/∂+m(r )]χ1+
1
2
χ¯2[/∂+m(r )]χ2−
1
4
λ0(χ¯1χ1)(χ¯2χ2)
}
. (2.1)
Here, we deﬁne /∂= γ1∂1+γ2∂2, γ1 =σx , γ2 =σy , and χ¯i =χTi σy with σx , σy , σz being the Pauli matrices.
In the clean case, we have m(r ) = m0 ∼ (Tc−T )/Tc and λ0 ∼ J4. The same model can be equivalently
expressed in terms of a single Dirac (complex) fermionic ﬁeld ψ= (χ1+ iχ2)/
p
2 with ψ¯= (χ¯1− iχ¯2)/
p
2.
The corresponding action reads [40]
S =
∫
d
2r
{
ψ¯[/∂+m(r )]ψ− 1
2
λ0(ψ¯ψ)(ψ¯ψ)
}
. (2.2)
Generalization of the action (2.2) to the N -color Ashkin-Teler model with even N is straightforward [42]:
S =
∫
d
2r
{
N/2∑
i=1
ψ¯i [/∂+m(r )]ψi −
1
2
λ0
N/2∑
i , j=1
(ψ¯iψi )(ψ¯ jψ j )
}
, (2.3)
where we have introduced N /2 ﬂavors of Dirac fermions instead of N ﬂavors of Majorana fermions.
In the presence of random bond disorder which is completely correlated between different Ising
colors (i.e., different fermion ﬂavors), the mass can be written as m(r )=m0+δm(r ), where δm(r ) is the
local disorder strength. We assume that the disorder strength is a random Gaussian with the mean value
δm(r )= 0 and variance
δm(r )δm(0)= g (r ), (2.4)
where g (r ) ∼ δ(r ) and g (r ) ∼ r−a are for SR and LR disorder, respectively. We shall use dimensional
regularization so that we have to generalize the problem to arbitrary d . To that end, we replace the Pauli
matrices by the Clifford algebra represented by the matrices γi , i = 1, . . . ,d satisfying the corresponding
anticommutation relations. To average the free energy of (2.3) over different disorder conﬁgurations,
we employ the replica trick [43]. Introducing n replicas of the system (2.3) and averaging over Gaussian
disorder distribution we arrive at the replicated effective action
Seff =
n∑
α=1
∫
d
d r
[
N/2∑
i=1
ψ¯αi (/∂+m0)ψαi −
1
2
λ0
N/2∑
i , j=1
(
ψ¯αi ψ
α
i
)(
ψ¯αj ψ
α
j
)]
− 1
2
n∑
α,β=1
∫
d
d r
∫
d
d r ′
N/2∑
i , j=1
g (r − r ′)
[
ψ¯αi (r )ψ
α
i (r )
][
ψ¯
β
j
(r ′)ψβ
j
(r ′)
]
. (2.5)
The properties of the original system with quenched disorder can be then obtained by taking the limit
n → 0. It is convenient to ﬁx the normalization of the disorder correlator (2.4) in Fourier space as
δm(k)δm(k ′)= (2pi)dδd (k+k ′)g¯ (k), (2.6)
with
g¯ (k)=u0+ v0ka−d , (2.7)
where u0 and v0 are bare coupling constants corresponding to the SR and LR parts of disorder correlator,
respectively.
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3. RG description
We study the long-distance properties of (2.5) within the standard approach of ﬁeld-theoretical RG
technique [44]. Applying it one can calculate the correlation functions for the action (2.5) perturbatively
in λ0, u0 and v0. The integrals entering this perturbation series turn out to be UV divergent in the dimen-
sion we are interested in (d = 2). To make the theory ﬁnite we use the dimensional regularization [45, 46]
and compute all integrals in d = 2−ε. Inspired by the works [22, 41] we perform a double expansion in
ε = 2−d and δ = 2− a so that all divergences are transformed into poles in ε and δ while the ratio ε/δ
remains ﬁnite. We deﬁne the renormalized ﬁelds ψi , ψ¯i , mass m, and dimensionless coupling constants
λ, u and v in such a way that all poles can be hidden in the renormalization factors Zψ, Zm , Zλ, Zu and
Zv leaving ﬁnite the correlation functions computed with the renormalized action
SR=
n∑
α=1
N/2∑
i=1
∫
k
ψ¯αi (−k)(Zψγk−Zmm)ψαi (k)
− 1
2
n∑
α=1
N/2∑
i , j=1
∫
k1,k2 ,k3
µεZλλψ¯
α
i (k1)ψ
α
i (k2)ψ¯
α
j (k3)ψ
α
j (−k1−k2−k3)
− 1
2
n∑
α,β=1
N/2∑
i , j=1
∫
k1,k2,k3
(
µεZuu+µδZv v |k1+k2|a−d
)
ψ¯αi (k1)ψ
α
i (k2)ψ¯
β
j
(k3)ψ
β
j
(−k1−k2−k3), (3.1)
where we have introduced a renormalization scale µ and the shortcut notation
∫
k :=
∫
dd k , so that∫
k1,k2,k3
stands for the corresponding triple integral. Since the renormalized action is obtained from the
bare one by the ﬁelds rescaling
ψi ,0 = Z 1/2ψ ψi , ψ¯i ,0 = Z 1/2ψ ψ¯i , (3.2)
the bare and renormalized parameters are related by
m0 = Zm Z−1ψ m, λ0 =µεZλZ−2ψ λ, (3.3)
u0 =µεZu Z−2ψ u, v0 =µδZv Z−2ψ v, (3.4)
where we have included Kd /2 in redeﬁnition of λ, u and v . Kd = 2pid/2/(2pi)dΓ(d/2) is the area of the
d -dimensional unit sphere divided by (2pi)d . The renormalized N -point vertex function Γ(N ) is related
to the bare Γ
(N )
0
by
Γ
(N )
0
(ki ;m0,u0, v0)= Z−N /2ψ Γ(N )(ki ;m,u, v,µ). (3.5)
To calculate the renormalization constants it suﬃces to renormalize the two-point vertex function Γ(2)
and the four-point vertex function Γ(4). We impose that they are ﬁnite at m = µ and ﬁnd the renormal-
ization constants using a minimal subtraction scheme [45, 46]. To that end, it is convenient to split the
four-point function in the clean Γλ, SR disorder Γu and LR disorder Γv parts:
Γ
(4)i j kl
αβγµ(k1,k2,k3,k4)=
{
Γ
(4)
λ
(ki )δαβδαγδαµ+
[
Γ
(4)
u (ki )+Γ(4)v (ki )|k1+k2|a−d
]
δαβδγµ
}
δi jδkl . (3.6)
Renormalization constants are determined from the condition that Γ(4)
λ
(0;m = µ), Γ(4)u (0;m = µ) and
Γ
(4)
v (0;m =µ) are ﬁnite.
Since the bare vertex function does not depend on the renormalization scale µ, the renormalized
vertex function satisﬁes the RG equation
[
µ
∂
∂µ
−βλ(λ,u, v)
∂
∂λ
−βu(λ,u, v)
∂
∂u
−βv (λ,u, v)
∂
∂v
− N
2
ηψ(λ,u, v)
+γ(λ,u, v)m ∂
∂m
]
Γ
(N )
(ki ;m,λ,u, v,µ) = 0, (3.7)
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where we have introduced the RG functions
βλ(λ,u, v)=− µ
∂λ
∂µ
∣∣∣∣
0
, βu(λ,u, v)=− µ
∂u
∂µ
∣∣∣∣
0
, βv (λ,u, v)=− µ
∂v
∂µ
∣∣∣∣
0
, (3.8)
ηψ(λ,u, v)=−βλ(λ,u, v)
∂ ln Zψ
∂λ
−βu (λ,u, v)
∂ ln Zψ
∂u
−βv (λ,u, v)
∂ ln Zψ
∂v
, (3.9)
ηm(λ,u, v)=−βλ(λ,u, v)
∂ ln Zm
∂λ
−βu(λ,u, v)
∂ ln Zm
∂u
−βv (λ,u, v)
∂ ln Zm
∂v
, (3.10)
γ(λ,u, v)= ηm (λ,u, v)−ηψ(λ,u, v). (3.11)
Here, the subscript “0” stands for derivatives at ﬁxed λ0, u0, v0 and m0. The critical behavior, if present,
should be controlled by a stable ﬁxed point (FP) of the β-functions, which is deﬁned as
βλ(λ
∗
,u∗, v∗)= 0, βu(λ∗,u∗, v∗)= 0, βu(λ∗,u∗, v∗)= 0. (3.12)
Stability of a given FP can be determined from the eigenvalues of the stability matrix
M =


∂βλ(λ,u,v)
∂λ
∂βλ(λ,u,v)
∂u
∂βλ(λ,u,v)
∂v
∂βu (λ,u,v)
∂λ
∂βu (λ,u,v)
∂u
∂βu (λ,u,v)
∂v
∂βv (λ,u,v)
∂λ
∂βv (λ,u,v)
∂u
∂βv (λ,u,v)
∂v

 . (3.13)
The FP is stable provided that all the eigenvalues calculated at the FP (3.12) have negative real parts.
Using coordinates of the stable FP we can calculate the critical exponent. For example, the correlation
length exponent ν is given by
1
ν
= 1+γ(λ∗,u∗, v∗). (3.14)
The heat capacity exponent is given by the hyperscaling relation, which in two dimensions reads as
α= 2(1−ν). (3.15)
For a marginally irrelevant disorder, the dependance of the correlation length ξ := el and the singular
part of the heat capacity Csing :=
∫
dlF 2(l) on the reduced temperature τ can be found from the following
ﬂow equations
dX (l)
dl
=βX [λ(l),u(l), v(l)], X =λ,u, v, (3.16)
dlnτ(l)
dl
=−1−γ[λ(l),u(l), v(l)], dln F (l)
dl
= γ[λ(l),u(l), v(l)]. (3.17)
4. One-loop RG ﬂow and the critical behavior
Applying the renormalization procedure described in the previous section we obtain the β-functions
βλ(λ,u, v)= ελ+2(N −2)λ2−4λ(u+ v), (4.1)
βu(λ,u, v)= εu+4(N −1)uλ−4u(u+ v), (4.2)
βv (λ,u, v)= δv +4(N −1)vλ−4v(u+ v), (4.3)
and the γ function
γ(λ,u, v)= 2(N −1)λ−2(u+ v) (4.4)
to one-loop order in the replica limit n → 0. We ﬁnd that the ﬂow equations corresponding to the β-
functions (4.1)–(4.3) for N > 2 and ε > 0 have ﬁve distinct FPs: Gaussian (G), Pure (P), SR, LR, and
Mixed (M). The coordinates of the FPs and the eigenvalues ωi , i = 1,2,3, of the stability matrix evaluated
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Table 1. Coordinates of FPs {λ∗,u∗ , v∗} and the corresponding stability matrix eigenvalues ωi calculated
for the β-functions (4.1)–(4.3) for N > 2.
FP λ∗ u∗ v∗ ω1 ω2 ω3
G 0 0 0 δ ε ε
P − ε
2(N−2) 0 0
N(δ−2ε)−2(δ−ε)
N−2 − NεN−2 −ε
SR 0 ε
4
0 0 δ−ε −ε
LR 0 0 δ
4
−δ −δ+ε −δ+ε
M
ε−δ
2N
0 2ε(N−1)−δ(N−2)
4N
−δ+ε − ε
2
±
√
−4δ2(N−2)+4δ(3N−4)ε+(8−7N)ε2
4N
at the corresponding FP are summarized in table 1. Note that in two dimensions, i.e., for d = 2 (ε= 0), the
ﬁrst three FPs merge and coincide with the FP G which describes the critical behavior of N uncoupled
clean Ising models up to logarithmic corrections. Let us analyze the RG ﬂow for both the Baxter model
(N = 2) and the N -color Ashkin-Teller model with N > 2 in three regimes:
(i) Pure system (u0 = v0 = 0). For N = 2, the βλ-function (4.1) vanishes in d = 2 so that the model has
a line of FPs parameterized by λ. This is not surprising since the model in this limit coincides with the
O(2) Gross-Neveumodel or themassive Thirringmodel. Theβ-function of the latter model is equal to zero
identically leading to nonuniversal critical exponents [47]. This is consistent with the “weak universality”
picture given by the exact solution of the Baxter model [7]. Indeed, according to equations (3.14) and
(3.15), the correlation length and the singular part of the heat capacity behave as
(N = 2) : ξ= τ−1/(1+2λ0), Csing ∼ τ−4λ0 , (4.5)
where λ0 is the initial value of the dimensionless coupling constant λ. Expanding the exponent (1.2)
in small J4 we ﬁnd the relation between parameters of the continuous and the lattice models: λ0 ≈
2J4/(piTc).
For N > 2, the RG ﬂow given by the βλ-function (4.1) depends on the sign of the initial value of λ0:
for λ0 É 0, it ﬂows to zero. Solving the ﬂow equations (3.16)–(3.17) (see the Appendix for details) we ﬁnd
λ(l)≈−1/[2(N −2)l ] for l ≫ 1 and arrive at (see also [26])
(N > 2, λ0 < 0) : ξ∼ τ−1
(
lnτ−1
)(N−1)/(N−2)
, Csing ∼
(
lnτ−1
)−N/(N−2)
. (4.6)
For λ0 > 0, the λ-ﬂow equation (3.16) exhibits a runway, i.e., the coupling constant λ leaves the region in
which the perturbative calculations are valid. As a result, the continuous (within a mean-ﬁeld approxi-
mation) transition is driven by ﬂuctuations to [32, 33]:
(N > 2, λ0 > 0) : ﬁrst order phase transition. (4.7)
The above results may be contrasted with those for the pure 2D Ising model: ξ∼ τ−1 and Csing ∼ lnτ−1.
(ii) SR correlated disorder (v0 = 0). We ﬁnd that the Gaussian FP (G) is the only stable (marginally)
FP in d = 2. For N Ê 2 and λ0 > 0, we rederive (see the Appendix for details) the results of [31–33]:
(N Ê 2, λ0 > 0) : ξ∼ τ−1
(
lnτ−1
)1/2
, Csing ∼ ln lnτ−1, (4.8)
coinciding with the results for the 2D Ising model (N = 1) with SR disorder. For N = 2 and λ0 < 0, we ﬁnd
(see also [27])
(N = 2, λ0 < 0) : ξ∼ τ−1/(1+2λ
∗)
, Csing ∼ τ4|λ
∗|
, (4.9)
where λ∗ =−|λ0|e−u0/|λ0|. For N > 2 and λ0 < 0, the scaling behavior is the same as in equations (4.6).
(iii) LR correlated disorder (u0 , 0, v0 , 0). Typical RG ﬂows for the 2D Baxter (N = 2) and the N -
color Ashkin-Teller models (N = 4) are shown for δ = ±1 in ﬁgures 1 and 2, respectively. For δ < 0, the
LR disorder is irrelevant while the SR disorder is only marginally irrelevant. Thus, one can neglect the
contribution from the LR disorder and the scaling behavior is given by equation (4.8) for (N Ê 2, λ0 > 0),
13603-6
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v
Figure 1. (Color online) The RG ﬂow for the 2D Baxter model (ε = 0) with LR correlated disorder in the
plane λ, v (u = 0). Left-hand panel: δ=−1 (a = 3). Black dot is the marginally stable FP G (λ=u = v = 0).
Red dot is the FP LR (λ= u = 0, v =− 1
4
) which is unphysical since v < 0. Right-hand panel: δ=+1 (a = 1).
Black dot is the FP G (λ= u = v = 0) which is unstable. Red dot is the FP LR (λ = u = 0, v = 1
4
) which is
stable and physical.
equation (4.9) for (N = 2, λ0 < 0) and equation (4.6) for (N > 2, λ0 < 0). Note that even if the SR part of
disorder is not present in the bare correlator it will be generated by higher loop order corrections. For δ>
0, the critical behavior of both models is controlled by the FP LR: the models exhibit the scaling behavior
of the 2D Ising model with LR correlated disorder. For instance, substituting the FP LR to equation (3.14)
we obtain the correlation length exponent to one-loop:
1
νLR
= 1− δ
2
. (4.10)
LR
M
G
-0.4 -0.2 0.0 0.2 0.4
-0.4
-0.2
0.0
0.2
0.4
Λ
v
LR
M
G
-0.4 -0.2 0.0 0.2 0.4
-0.4
-0.2
0.0
0.2
0.4
Λ
v
Figure 2. (Color online) The RG ﬂow for the 2D 4-color Ashkin-Teller model (ε = 0, N = 4) with LR corre-
lated disorder in the plane λ, v (u = 0). Left-hand panel: δ=−1 (a = 3). Black dot is the marginally stable
FP G (λ= u = v = 0). Blue dot is the FPM with complex eigenvalues, which is an unstable cycle. Red dot
is the FP LR (λ= u = 0, v =− 1
4
) which is unphysical (v < 0). Right-hand panel: δ=+1 (a = 1). Black dot is
the FP G (λ= u = v = 0) which is unstable. Blue dot is the FP M with imaginary eigenvalues which is an
unphysical stable cycle (v < 0). Red dot is the FP LR (λ=u = 0, v = 1
4
) which is stable and physical.
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This result was already obtained for the 2D Ising model with LR correlated disorder in [25] which sup-
ports the conjecture that the exact correlation length exponent is νLR = 2/a. The corresponding heat
capacity exponent is αLR = 2−a.
Let us brieﬂy discuss the validity of the extended Harris criterion for the 2D Baxter model with LR
correlated disorder. According to the extended Harris criterion, the LR correlated disorder is relevant
provided that the correlation length exponent of the pure system satisﬁes the inequality a < 2/νpure, i.e.,
δ > −4λ0. Although the extended Harris criterion correctly predicts the relevance of the LR correlated
disorder for δ> 0, as we found above the critical behavior is in fact modiﬁed for any δ< 0. In the last case,
FP LR is unstable, and the asymptotic critical behavior is described by equations (4.8) and (4.9), which
corresponds to the 2D Baxter model with SR disorder rather than to the critical behavior of the pure
2D Baxter model. Thus, in the case of the 2D Baxter model, the extended Harris criterion is violated by
correlated disorder in the sameway as the usual Harris criterion is violated by uncorrelated disorder [27].
5. Conclusion
We have studied the effect of LR correlated disorder on the 2D Baxter and N -color Ashkin-Teller mod-
els. The clean 2D Baxter model exhibits a “weak universal” critical behavior with the critical exponents
depending onmicroscopic parameters, while in the clean N -color Ashkin-Teller model, ﬂuctuations drive
the system from the second order to the ﬁrst order phase transition. Using themapping to the 2D interact-
ing Dirac fermions in the presence of LR correlated randommass disorder and dimension regularization
with double expansion in ε = 2−d and δ = 2− a we obtain the RG ﬂow equations to one-loop approxi-
mation. Their analysis in d = 2 shows that (i) for a > 2 (δ < 0), the critical behavior is controlled by the
Gaussian FP that gives the critical exponents of the clean 2D Ising model (up to logarithmic corrections);
(ii) for a < 2 (δ > 0), the only stable FP is the LR FP (λ∗ = 0, u∗ = 0, v∗ = δ/4). It describes the rounding
of the weak universality in the Baxter model and the ﬁrst order phase transition in the N -color Ashkin-
Teller model by correlated disorder. This leads to a new emergent critical behavior which is in the same
universality class as the 2D Ising model with LR correlated disorder [25]. For instance, we argue that
the exact values of the correlation length and heat capacity exponents are νLR = 2/a and αLR = 2− a,
respectively. Since quantum systems can be mapped onto classical systems in d+1 dimensions, it would
be interesting if these results could be generalized to the ﬁrst order phase transitions in 1D quantum
systems [48, 49].
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Appendix
Here, we show how the asymptotic scaling behavior can be derived from the ﬂow equations (3.16) for
λ and u
dλ
dl
= 2(N −2)λ2−4λu, du
dl
= 4(N −1)λu−4u2 . (1)
For N = 2, we introduce x =u/|λ| that leads to
dln x
dl
= 4λ, d ln |λ|
dl
=−4x|λ|. (2)
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For λ0 > 0, we ﬁnd x+ lnλ= const. Therefore, the asymptotic behavior for large l reads
u ≈ 1
4l
, λ= 1
4l ln 4l
. (3)
Substituting equation (3) into equations (3.17) and noticing that the ﬂow is dominated by u(l) we obtain
equations (4.8). For λ0 < 0 we ﬁnd x− ln |λ| = const and
d|λ|
dl
=−4λ2(x0+ lnλ/λ0), (4)
which has a FP solution λ∗ = λ0e−x0 , x∗ =u∗ = 0. Substituting this FP into equations (3.14) and (3.15) we
obtain the scaling behavior (4.9).
In the case N > 2 we change variables x =±u/λ and y =uN−2/λ2(N−1) , where “+” and “−” correspond
to δ> 0 and δ< 0, respectively. This yields
dln x
dl
=±2N x
(N−2)/N
y1/N
,
d ln y
dl
= 4N x
2(N−1)/N
y1/N
. (5)
Dividing the ﬁrst equation by the second one we obtain
dln x
dl
=±2N x
2(N−1)/N
y1/N
0
e
±2(x0−x)/N , ln y/y0 =±2(x− x0). (6)
We deﬁne x0 =±u0/λ0, y0 = uN−20 /λ2(N−1)0 and a0 = e±2x0 /y0. For λ0 > 0 we ﬁnd x−2+2/N e2x/N ≈ 4l a1/N0 .
Thus, the asymptotic behavior for large l is given by
u ≈ 1
4l
, λ= 1
2l N ln4l
. (7)
Substituting equation (7) into equations (3.17) and noticing that the ﬂow is dominated by u(l) we obtain
equations (4.8). For λ0 < 0, we ﬁnd x−1+2/N ≈ 2(N − 2)l a1/N0 which leads to the following asymptotic
behavior
u ≈
a−1/(N−2)
0
[2(N −2)l ]2(N−1)/(N−2) , λ=−
1
2(N −2)l . (8)
Substituting equation (8) into equations (3.17) and noticing that the ﬂow is dominated by λ(l) we obtain
the same scaling behavior as in equations (4.6).
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Унiверсальна критична поведiнка 2D N -кольорової моделi
Ашкiна-Телера, що з’являється у присутностi
довгосяжно-скорельованого безладу
М. Дудка1, А.А. Федоренко2
1 Iнститут фiзики конденсованих систем НАН України, вул. Свєнцiцького, 1, 79011 Львiв, Україна
2 Лабораторiя фiзики, Вища нормальна школа м. Лiон, Унiверситет Клода Бернара, ЦНРС,
F-69342 Лiон, Францiя
Ми вивчаємо критичну поведiнку 2D N -кольорової моделi Ашкiна-Телера у присутностi безладу типу ви-
падкових зв’язкiв, кореляцiї якого спадають з вiдстанню r за степеневим законом r−a . Ми розглядаємо
випадок, коли спiни рiзних кольорiв, що сидять на тому ж самому вузлi, зв’язанi одним зв’язком, i перево-
димо цю задачу на 2D систему N/2 ароматiв взаємодiючих фермiонiв Дiрака у присутностi скорельовано-
го безладу. Використовуючи ренорм-групу, ми показуємо, що для випадку N = 2 “слабка унiверсальнiсть”
при неперервному переходi стає унiверсальною з новими критичними показниками. Для N > 2 фазовий
перехiд першого роду перетворюється скорельованим безладом в неперервний.
Ключовi слова: фазовi переходи, скорельований безлад, двовимiрнi моделi, фермiони Дiрака,
ренорм-група
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